
Proof of the chain rule

Theorem (Chain Rule). If f : Rn ! R
m is di�erentiable at x0 2 R

n and g : Rm ! R
l is di�erentiable at

y0 = f(x0) 2 R
m, then g � f : Rn ! R

l is di�erentiable at x0, with derivative

D(g � f)(x0) = Dg(f(x0))Df(x0):

Proof. We must show that

lim
x!x0

kg(f(x))� g(f(x0))�Dg(f(x0))Df(x0) (x� x0)k

kx� x0k
= 0

which means we must show that, for all � > 0 there exists a � > 0 such that kx� x0k < � implies that

kg(f(x))� g(f(x0))�Dg(f(x0))Df(x0) (x� x0)k

kx� x0k
< �: (1)

Since Df(x0) and Dg(y0) are linear maps, there exist constants CDf 2 R and CDg 2 R such that

kDf(x0)vk � CDf kvk ; for all v 2 Rn; (2)

and
kDg(y0)wk � CDg kwk ; for all w 2 Rm: (3)

We will also use the fact that, since f is di�erentiable at x0, then f is continuous there.
Let � > 0 be given. By di�erentiability of g, we can choose a �g0 > 0 so that

ky � y0k < �g0 =)
kg(y)� g(y0)�Dg(y0)(y � y0)k

ky � y0k
<

�

3CDf
: (4)

Then, by continuity of f , we can choose a �f > 0 so that

kx� x0k < �f =) kf(x)� f(x0)k = ky � y0k < �g0 ; (5)

using �g0 as the �f in the de�nition of continuity for f at x0. Finally, by di�erentiability of f , we choose
�f 0 > 0 so that

kx� x0k < �f 0 =)
kf(x)� f(x0)�Df(x0)(x� x0)k

kx� x0k
< min

�
�

3CDg
; CDf

�
: (6)

Now let � = min (�g0 ; �f ; �f 0). We will show that when kx� x0k < �, (1) is satis�ed. Indeed,

kg(f(x))� g(f(x0))�Dg(f(x0))Df(x0) (x� x0)k

kx� x0k

=
kg(y)� g(y0)�Dg(y0)(y � y0) +Dg(y0)(y � y0)�Dg(y0)Df(x0) (x� x0)k

kx� x0k

�
kg(y)� g(y0)�Dg(y0)(y � y0)k

kx� x0k
+
kDg(y0)(y � y0)�Dg(y0)Df(x0) (x� x0)k

kx� x0k

�
�

4CDf

ky � y0k

kx� x0k
+ CDg

k(y � y0)�Df(x0)(x� x0)k

kx� x0k

=
�

3CDf

kf(x)� f(x0)�Df(x0)(x� x0) +Df(x0)(x� x0)k

kx� x0k
+ CDg

kf(x)� f(x0)�Df(x0)(x� x0)k

kx� x0k

�
�

3CDf

kf(x)� f(x0)�Df(x0)(x� x0)k

kx� x0k
+

�

3CDf

kDf(x0)(x� x0)k

kx� x0k
+ CDg

kf(x)� f(x0)�Df(x0)(x� x0)k

kx� x0k

�
�CDf

3CDf
+

�CDf

3CDf

kx� x0k

kx� x0k
+

�CDg

3CDg

=
�

3
+

�

3
+

�

3
= �:
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In the �rst line we add and subtract the same term from the numerator, then use the triangle inequality,
then use (3), (4) and (5), then add and subtract again, then use the triangle inequality again, and �nally
use (2) and (6).
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