
Calc III: Quiz 9 Solutions, Fall 2018

Problem 1. Use Green’s Theorem to evaluate the line integral
∫
C
F · dr where

F(x, y) = 〈y cosx− xy sinx, xy + x cosx〉

and C is the closed triangular path from (0, 0) to (0, 4) to (2, 0) and back to (0, 0).

Solution. Note that C has the opposite orientation from the convention required for Green’s
Theorem. Thus ∫

C

F · dr = −
∫
∂R

F · dr = −
∫∫

R

Qx − Py dA

where R is the solid triangle with the given vertices. We have

Qx − Py = (y + cosx− x sinx)− (cosx− x sinx) = y

so ∫
C

F · dr = −
∫∫

R

y dA = −
∫ 2

0

∫ 4−2x

0

y dy dx = −16

3
.
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Problem 2. For the vector field F(x, y, z) = xyez i + yzex k,

(a) Compute the curl ∇× F

Solution.

∇× F =

∣∣∣∣∣∣
i j k
∂
∂x

∂
∂y

∂
∂z

xyez 0 yzex

∣∣∣∣∣∣ = 〈zex − 0, xyez − yzex, 0− xez〉 .
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(b) Compute the divergence ∇ · F.

Solution.

∇ · F =
〈

∂
∂x
, ∂
∂y
, ∂
∂z

〉
· 〈xyez, 0, yzex〉 = yez + 0 + yex.
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Problem 3. Evaluate the surface integral
∫∫

S
x2yz dS, where S is the part of the plane

z = 1 + 2x + 3y that lies above the rectangle [0, 3]× [0, 2].

Solution. We use the graph parameterization r(x, y) = 〈x, y, g(x, y)〉, where z = g(x, y) =
1 + 2x + 3y. Then

dS = |rx × ry| dx dy = |〈−gx,−gy, 1〉| dx dy =
√
g2x + g2y + 1 dx dy =

√
4 + 9 + 1 dx dy =

√
14 dx dy.



Thus ∫∫
S

x2yz dS =

∫ 3

0

∫ 2

0

x2y(1 + 2x + 3y)
√

14 dy dx

=
√

14

∫ 3

0

∫ 2

0

x2y + 2x3y + 3x2y2 dy dx

=
√

14

∫ 3

0

2x2 + 4x3 + 8x2 dx

=
√

14
(

233

3
+ 434

4
+ 833

3

)
= 171

√
14.
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