Workshop 13: Course Review

1. (a) The corresponding parametric equations for the curve are x = ¢,
y = cos mt, z = sin 7t. Since % + 2% = 1, the curve is contained in a
circular cylinder with axis the x-axis. Since x = ¢, the curve is a helix.
(b) r(t) =ti+ cos mtj+sin itk =

r'(t) =i— msin 7tj+ mecos Ttk =

2

r'’(t) = —7w’ cos mtj— 7 sin mtk

6. (a) C intersects the zz-plane wherey =0 = 2t—-1=0 = t= %, so the point
s (2— (1)7.0.1n3) = (£.0,-In2).
(b) The curve is given by r(t) = (2 —t? 2t —1,In t}P sor'(t) = {—3t2,2? 1,/t>_ The point (1, 1,0) corresponds to t = 1, so
the tangent vector there is r'(1) = (—3, 2, 1). Then the tangent line has direction vector (—3,2, 1) and includes the point
(1,1,0), so parametric equationsarez = 1 —3t, y =14+ 2t, z = ¢.

(c) The normal plane has normal vector r'(1) = (—3,2,1) and equation —3(z — 1) +2(y — 1) +z=0o0r3z —2y—z =1.

16. G(z,y,z) = €™ sin(y/z) = G2 = ze""sin(y/z), Gy = €™ cos(y/z)(1/z) = ("% /2) cos(y/z),
G. = €™ - cos(y/z)(—y/2") + sin(y/z) - we>* = €*° [zsin(y/z) — (y/2") cos(y/z)]

25.

(@) 2z =6z +2 = 2(1,-2)=8andz, = -2y = 2z,(1,—2) =4, so an equation of the tangent plane is
z—1=8(z—1)+4(y+2)orz=8x+4y+ 1

(b) A normal vector to the tangent plane (and the surface) at (1, —2,1) 1s (8,4, —1). Then parametric equations for the normal

line there are x = 1 + 8t, y = —2 + 4¢, z = 1 — ¢, and symmetric equations aremgl = yl—? = z_—ll_

4. Vf=2zy+T+z2" z/2y/T+2)), VF(1.2,3)=(6,1,3). u=(3.3.—3) Then Dy f(1,2,3) = %

?.
a1. Vf = (2zy,2* +1/(2,/7)). |[VF(2,1)| = |(4,$)| Thus the maximum rate of change of f at (2, 1) is X2 in the

direction (4, 2).
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j‘iw y) =3y -2’y -2y’ = f.=3y-2zy—9’. f, =3¢ -2’ 2ay
Jfoae = =2y, fyy = 22, fou =3 — 2z — 2y. Then f, = 0 implies

y(3—2z —y) =0soy = 0or y =3 — 2z Substituting into f, = 0 implies
z(3 —z) = 0or 3z(—1 + =) = 0. Hence the critical points are (0, 0), (3, 0),
(0,3) and (1,1). D(0,0) = D(3,0) = D(0,3) = —9 < 0o (0,0), (3,0), and

(0, 3) are saddle points. D(1,1) =3 > Oand fz.(1,1) = -2 < 0.s0

f(1,1) =1 is a local maximum.

59.
flz,y) =2y, glz,y) =2+ =1 = Vf= {2$y1$2> = AVg = (2Xz, 2Ay). Then 2zy = 2Az implies x = 0 or

y = A Ifz = 0 then z* + y* = 1 gives y = £1 and we have possible points (0, £1) where f (0,£1) = 0. If y = A then

z? =2\y implies 22 = 2y® and substitution into > + y® =1 gives =1 = y= :|:71§ and x = :I:\/g. The

corresponding possible points are (:I: \/E , :I:%) The absolute maximum is f (:I: \/; , %) = 3—5,5 while the absolute

minimum is f(:l:\/z, —?1-5) = —ﬁ;.

17. ¥
1 pm 1
Y v 1 1, 27v=v"
dA = dy dx = 1 d
"(T_T]’ f.[::1+$2 ﬁ L T R ﬁ 1+ 22 [2y}y=a T
*=1 _if_= dz = [LIn(1+2%)]} = 11n2
_201+m2 :B—4n(—|—m)0_4n
X
21. ¥ x/3 3
— 2 2, 3/2 2,3/2
3 427 dA = dr df
3B J[@+yaa= [ o rar
P4y=9 x/3 3 i
y=y3x = [ as [ rtar = (007" 47,
D 0 0
5
0 3 x :EB_ZBI_?T
35 5

B [ffy zyav = 3 [ i eydzdyde = [2 [7 oy [2] 755 dyde = 3 [ 2o+ y) dyaz
= [yt ey dyde = [ (327 + 3]s de = 2 (3 + o) e

fs ztdr = [lm5]3= % =405
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8. [[[a 2\t +y?+22dV = fuz Wmfo (p° cos® ¢)p(p” sin &) dpde df

=[50 [/ co® psingdo [} °dp=2m[~Feos* 9];* (1) = 5

30. ¥ o V= folf:_:lzy‘f; Ydzdxdy = fu f4 2 22y dx dy
¥=y+l x=4=2y = [, 3[4 - 20y — (¥ +1)%y] dy
oo 1 4 = i3 +5° -1 + Ty dy=3(-1 +5-%+35) =5

34. The paraboloid and the half-cone intersect when z? +y? = /x? + 12, thatis when z® + 32 =1 or 0. So

v= [f f.-,"'u:,“ dzdA= [I" [ [rdzdrdd= [I" [} (r? —r%)drdé = [[7(1 - 1)do = L(2n) =

§
22 4y?an
2. We can parametrize Cbyz =z, y = 22, 0 < z < 1so

[ozds = [lz/T+ (@2 dz = 5 (1 +4a?) m] = 1(5v5-1)

9. F(r(t) = e ti+ (=) j+ (P +)kr'(t) =2ti+ 3t j— kand

[oF-dr=[l(2te™ —3t° — (£ +1°))dt = [-2e ™ — 27" — 3¢5~ 17 1] =L

o=

14. Here curl F' = 0, the domain of F' 1s ]Ra, and the components of F have continuous partial derivatives, so F is conservative.
Furthermore f(z,y, z) = ze¥ + ye~ is a potential function for F. Then [, F - dr = f(4,0,3) — f(0,2,0) =4—-2=2.

17. fcmgydx —zyldy = If [3‘% (—zy?) — 3‘% (mgy)} dA= [f (—y* —=2* = —J"Dh r¥drdf = —8m
22 4y? < =22 py? <4

25. z = f(z,y) —z2 4+ 2ywith0 <z < 1,0 <y < 2z Thus
1
S)= [[p,VI+ 42T +4dA= [ [2* 5+ da?dydz = [, 2z /5 + da?dx = §(5+4m2)3f2]0 =1(27-55).

30. z = f(z,y) = 2® + 4% r. x r, = —2xi — 2y j + k (because of upward orientation) and
F(r(z,y))  (r= xry) = —2z° — 22y + 2 + 4. Then

[[oF-ds= [[ (=22° -2z +a”+y%)dA

2 L2 <1

= Jrl}lJf::n2gr (—2r° cos® @ — 2r° cos 0 sin® 8 + r*) rdrdf = Iul r(2m) dr =

vl
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32. [[,curl F.dS = §_F-dr where C: r(t) =2costi+2sintj+k 0<t<2m sor'(t) = —2sinti+ 2cost],
F(r(t)) = 8cos’t sinti+ 2sintj+ e******™*k and F(r(t)) - r'(¢) = —16 cos® tsin® t + 4 sint cost. Thus
§.F-dr= [’ (~1€cos’t sin®t + 4sint cost) dt = [—16(—1 sint cos? t + & sin 2t + 1¢) + 2sin?¢]2" = —4m.

33. The surfaceisgivenbyz +y+z=1lorz=1—z—3.0<2<1,0<y<1—zandr, xr, =i+ j+ k Then

$F-dr= [[jourlF-dS = [[,(—yi—zj—zk) - (i+j+k)dA= [[,(—1) dA = —(area of D) = —3.

. [[LF-dS= [[[ 3> +y* +2°)dV = [ [ [7(3r° +32°) rdzdrdf = 2n [, (6r° +8r)dr = 11
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